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Ì.Ã.Êîçëîâ

1. Òåîðèÿ

Ðåëÿòèâèñòñêàÿ òåîðèÿ ìàññîâîãî èçîòîïè÷åñêîãî ñäâèãà ðàçâèâàëàñü Øàáàå-
âûì ñ ñîàâòîðàìè [1, 2, 3, 4]. Êàê ÿ ïîíèìàþ, â îñíîâå ýòîé òåîðèè ëåæèò óðàâíå-
íèå Áåòå-Ñàëïèòåðà [5]. Ïîïðîáóþ õîòÿáû ÷àñòè÷íî âîñïðîèçâåñòè ëîãèêó âûâîäà
èç îáùèõ ñîîáðàæåíèé.
Ïîñêîëüêó íå ñóùåñòâóåò ìíîãî÷àñòè÷íîãî ðåëÿòèâèñòñêîãî àíàëîãà óðàâíåíèÿ

Äèðàêà, ìû íå ìîæåì ïîñòóïèòü òàêæå, êàê â íåðåëÿòèâèçìå: çàïèñàòü òàêîå óðàâ-
íåíèå è ïåðåéòè â ñèñòåìó öåíòðà èíåðöèè (ÑÖÈ). Òåì íå ìåíåå, ÷àñòü ýòîãî ïóòè
ïðîäåëàòü ìîæíî. Õîòÿ ìû è íå çíàåì ïðàâèëüíîãî ðåëÿòèâèñòñêîãî ãàìèëüòîíè-
àíà â ÑÖÈ, îí äîëæåí âêëþ÷àòü â ñåáÿ êèíåòè÷åñêóþ ýíåðãèþ ÿäðà:

Tnuc =

〈
P 2

nuc
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〉
. (1)

Ïîñêîëüêó ïîëíûé èìïóëüñ àòîìà â ÑÖÈ ðàâåí íóëþ, Pnuc +
∑

i pi = 0, óðàâíåíèå
(1) ìîæíî ïåðåïèñàòü òàê:
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Âàæíî, ÷òî ïîêà ÷òî íåðåëÿòèâèñòñêîå ïðèáëèæåíèå èñïîëüçîâàíî òîëüêî äëÿ
ÿäðà. Ïåðâûé ÷ëåí â (2) íàçûâàåòñÿ íîðìàëüíûì ìàññîâûì ñäâèãîì (ÍÌÑ), à
âòîðîé ñïåöèôè÷åñêèì ìàññîâûì ñäâèãîì (ÑÌÑ). Íåðåëÿòèâèñòñêîå ïðèáëèæåíèå
äëÿ ýëåêòðîíîâ ïîçâîëÿåò ïåðåïèñàòü ÍÌÑ ÷åðåç ïîëíóþ ýíåðãèþ àòîìà E:
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Çäåñü íåðåëÿòèâèñòñêîå ïðèáëèæåíèå èñïîëüçîâàíî äâàæäû: ïðè ïåðåõîäå ê êè-
íåòè÷åñêîé ýíåðãèè è ïðè ïåðåõîäå ê ïîëíîé ýíåðãèè, ïîñêîëüêó òåîðåìà âèðèàëà
âåðíà òîëüêî äëÿ êóëîíîâñêîãî âçàèìîäåéñòâèÿ.
Òàêèì îáðàçîì, ìû çàêëþ÷àåì, ÷òî äëÿ ðåëÿòèâèñòñêîãî àòîìà ÍÌÑ íå ñâîäèò-

ñÿ ê ïðîïîðöèîíàëüíîìó ñäâèãó âñåõ ÷àñòîò, êàê ýòî ñëåäóåò èç (3). Êàê îòìå÷àëîñü
âûøå, â ðåëÿòèâèñòñêîé òåîðèè ýôôåêò îòäà÷è íå ñâîäèòñÿ ê ó÷åòó êèíåòè÷åñêîé
ýíåðãèè ÿäðà. Ïîýòîìó âûðàæåíèå (2) áîëåå ïðàâèëüíîå, ÷åì (3), íî íå äàåò ïîë-
íûé ìàññîâûé ñäâèã.
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Ñîãëàñíî ðàáîòå [4] íåðåëÿòèâèñòñêèé îïåðàòîð ìàññîâîãî ñäâèãà èìååò âèä:

HMS = HNMS +HSMS =
1

2M

∑
i

p2
i +

1

M

∑
i<k

pi · pk, (4)

÷òî ñîãëàñóåòñÿ ñ (2). Ðåëÿòèâèñòñêèå ïîïðàâêè ìåíÿþò âåðøèíó p ñëåäóþùèì
îáðàçîì [4]

p→ p− e2Z

cr
[α+ (α · r̂)r̂] . (5)

Ýòîò îïåðàòîð èìååò îäèíàêîâûé âèä â àòîìíûõ åäèíèöàõ è â åäèíèöàõ ~ = c = 1,
ãäå e2 = α:

p→ p− αZ

r
[α+ (α · r̂)r̂] . (6)

Â ðàáîòå [4] ïîïðàâêà äîáàâëÿåòñÿ òîëüêî ê îäíîé èç âåðøèí. Ïðè äîáàâëåíèè
ïîïðàâêè ê îáåèì âåðøèíàì â (5) è (6) âîçíèêàåò äîïîëíèòåëüíàÿ ïîëîâèíêà. Ïðè
ýòîì îïåðàòîð (4) îñòàåòñÿ ñèììåòðè÷íûì. Ýòî ïîçâîëÿåò ó÷èòûâàòü åãî äîáàâëÿÿ
ïîïðàâêó ê êóëîíîâñêèì ðàäèàëüíûì èíòåãðàëàì. Â ýòîì ñëó÷àå îïåðàòîð (4)
ïðåîáðàçóåòñÿ ê âèäó:
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Îòìåòèì, ÷òî äèàãîíàëüíàÿ ÷àñòü i = k:
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îòëè÷àåòñÿ îò âûðàæåíèÿ â ðàáîòå [4] òîëüêî ÷ëåíàìè ïîðÿäêà α2Z2, ïîñêîëüêó[
p, αZ

r
(α+ (α · r̂)r̂)

]
= 0.

Íåäèàãîíàëüíàÿ ÷àñòü i 6= k îáîèõ îïåðàòîðîâ (4) è (7) èìååò âèä, àíàëîãè÷íûé
êóëîíîâñêîìó âçàèìîäåéñòâèþ ìóëüòèïîëüíîñòè 1. Îòäåëåíèå óãëîâûõ ÷àñòåé äëÿ
âñåõ òðåõ ÷ëåíîâ â (6) ïðîâåäåíî â çàïèñêå "16.09.05". Îòìåòèì, ÷òî êóëîíîâñêîå
âçàèìîäåéñòâèå òîæå èìååò âèä 1

2

∑
i 6=k =

∑
i<k, ïîýòîìó êîãäà ìû äîáàâëÿåì îïå-

ðàòîð (4) ìàòðè÷íûå ýëåìåíòû èçìåíÿþòñÿ òàê:

Rab,cd → Rab,cd +
1

M
Pa,cPb,d. (9)

Â íåðåëÿòèâèñòñêîì ïðèáëèæåíèè âåðøèíû Pi,k ñîîòâåòñòâóþò îïåðàòîðó p:

p = −in∂r −
n× l
r

, (10)
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Pa,b =

∫
drPb

(
∂r −
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r

)
Pa, (11a)

gab ≡ (la − lb)(la + lb + 1)/2 = ±max(la, lb), (11b)

ψ =
1

r

(
P Ω

−iQ Ω̃

)
. (11c)

Åñëè ó÷åñòü è íèæíþþ êîìïîíåíòó ôóíêöèè (11c), òî

Pba =

∫
dr

[
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(
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gab
r

)
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(
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r

)
Qa

]
. (11d)

ÍÌÑ, êîòîðûé äàåòñÿ äèàãîíàëüíîé ÷àñòüþ îïåðàòîðà (4), ñâîäèòñÿ ê îïåðàòî-
ðó:

p2 = −∆ = − 1

r2
∂rr

2∂r +
l̂2

r2
. (12)

Åñëè äëÿ êðàòêîñòè îñòàâèòü òîëüêî áîëüøóþ êîìïîíåíòó âîëíîâîé ôóíêöèè
(11c), òî îïåðàòîð (12) äåéñòâóåò òàê:

p2 1

r
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r

(
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r +
l(l + 1)

r2

)
P. (13)

Îòäåëåíèå óãëîâûõ ÷àñòåé äëÿ ðåëÿòèâèñòñêîé ïîïðàâêè ê îïåðàòîðó ÍÌÑ ïðî-
âåäåíî â çàïèñêå 25.10.05. Îêîí÷àòåëüíûå (ñèììåòðè÷íûå) âûðàæåíèÿ äëÿ ÍÌÑ
èìåþò âèä

〈b|Hnr
nms|a〉 =

1
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×
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]
. (14a)
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]
, (14b)

Cjala = la(la + 1)− ja(ja + 1)− 5

4
. (14c)

Â ìåòîäå êîíå÷íîãî ïîëÿ, êîòîðûé ìû èñïîëüçóåì â ðàñ÷åòàõ, ìíîæèòåëü 1/M
â îïåðàòîðàõ ÍÌÑ è ÑÌÑ çàìåíÿåòñÿ íà λ, è ÷èñëåííîå çíà÷åíèå âûáèðàåòñÿ èç
ñîîáðàæåíèé óäîáñòâà. Êîýôôèöèåíò ìàññîâîãî ñäâèãà kms îïðåäåëÿåòñÿ òàê, ÷òî
δEms = kms/M , ïîýòîìó

kms =
E+λ − E−λ

2λ
. (15)
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Êîýôôèöèåíò kms èìååò ðàçìåðíîñòü 2Ry·m. Åñëè äëÿ ìàññû ÿäðà èñïîëüçóþòñÿ
àòîìíûå åäèíèöû ìàññû, amu, òî ïåðåõîä îò àòîìíûõ åäèíèö ïîëó÷àåòñÿ óìíî-
æåíèåì íà m/amu=1/1822.89. ×àñòî èñïîëüçóþòñÿ è åäèíèöû GHz·amu, ïåðåõîä
ê êîòîðûì äàåòñÿ ìíîæèòåëåì 6.5797 · 106/1822.89 = 3609.5.

1.1. Ïîïðàâêà ê ïîòåíöèàëó îñòîâà. Âçàèìîäåéñòâèå (4) ïðèâîäèò ê ïîïðàâêå
ê ïîòåíöèàëó îñòîâà:

VMS|a〉 = −
Ncore∑
b=1

〈b|HMS|a, b〉 = − 1

M

Ncore∑
b=1

p|b〉 · 〈b|p|a〉. (16)

Åñëè ñíîâà èñïîëüçîâàòü òîëüêî áîëüøóþ êîìïîíåòíó âîëíîâîé ôóíêöèè (11c), òî
îòäåëÿÿ óãëîâóþ ÷àñòü òàêæå, êàê ýòî äåëàëîñü äëÿ áðåéòîâñêîãî âçàèìîäåéñòâèÿ
íà ñòð. 7 â 12.11.99, ïîëó÷àåì:

VMS|a〉 = +
1

M

Ncore∑
b=1

(2jb + 1)

(
ja jb 1
1
2
−1

2
0

)
(17)

× |Ωa〉Pba
(
∂r −

gab
r

)
Pb.

Äëÿ äâóõêîìïîíåíòíûõ ôóíêöèé (11c) âûðàæåíèå (1.1) ïåðåïèñûâàåòñÿ òàê:

VMS|a〉 = +
1

M

Ncore∑
b=1

(2jb + 1)

(
ja jb 1
1
2
−1

2
0

)
(18)

× Pba
(
|Ωa〉(∂r − gab/r)Pb
|Ω̃a〉(∂r − g̃ab/r)Qb

)
,

ãäå âåðøèíà äàåòñÿ ôîðìóëîé (11d).
Ïðè ïåðåõîäå ê ðåëÿòèâèñòñêîìó âûðàæåíèþ (7) ìîæåò îêàçàòüñÿ óäîáíåå ïî-

ïðàâèòü òîëüêî âòîðóþ âåðøèíó óáðàâ èç ïîïðàâêè ïîëîâèíêó:

VMS|a〉 = − 1

M

Ncore∑
b=1

p|b〉 · 〈b|p− αZ

r
[α+ (α · r̂)r̂] |a〉. (19)

Òàêîå ïðåäñòàâëåíèå óäîáíåå äëÿ âêëþ÷åíèÿ ïîòåíöèàëà (19) â ïðîãðàììó hfd,
ïîñêîëüêó òðåáóåò èçìåíèòü òîëüêî ìàòðè÷íûé ýëåìåíò (ÌÝ), íå ìåíÿÿ îïåðà-
òîðíîé ÷àñòè. Â îñòàëüíûõ ïðîãðàììàõ, ãäå åñòü òîëüêî ÌÝ è íåò îïåðàòîðîâ,
óäîáíåå èñïîëüçîâàòü ñèììåòðè÷íîå ïðåäñòàâëåíèå:

〈c|VMS|a〉 = − 1

M

Ncore∑
b=1

〈c|p− αZ

2r
[α+ (α · r̂)r̂] |b〉 · 〈b|p− αZ

2r
[α+ (α · r̂)r̂] |a〉. (20)

1.2. Ïðîãðàììû. Ñòàðàÿ âåðñèÿ ïðîãðàììû hfd ïîçâîëÿåò ó÷èòûâàòü òîëüêî
âçàèìîäåéñòâèå ñ îñòîâîì â ôîðìå (16). Êëþ÷ Klow=0,1 ïîçâîëÿåò íå ó÷èòûâàòü
(0) èëè ó÷èòûâàòü (1) íèæíþþ êîìïîíåíòó áèñïèíîðîâ. Ñåé÷àñ äîáàâëåí âàðè-
àíò Klow=2, êîòîðûé ñîîòâåòñòâóåò ôîðìóëå (19). Äëÿ ýòîãî ïåðåïèñàíà ôóíêöèÿ
p_eff â ôàéëå hfd_is.inc. Àíàëîãè÷íûå èçìåíåíèÿ âíåñåíû â ôàéë pi_pk.inc,
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êîòîðûé èñïîëüçóåòñÿ ïðîãðàììàìè basc, sgc, scrc. Ïðè èñïîëüçîâàíèè êëþ-
÷à Klow=2 ê îïåðàòîðó ÍÌÑ (14a) òàêæå äîáàâëÿåòñÿ ðåëÿòèâèñòñêàÿ ïîïðàâêà
(14b).
Ôàéë pi_pk.inc âêëþ÷àåò ôóíêöèè p_eff è sms_core. Ïåðâàÿ ôóíêöèÿ âû-

÷èñëÿåò ÌÝ âåðøèíû (6) (ñïîñîá âû÷èñëåíèÿ çàâèñèò îò êëþ÷à Klow). Ýòà ôóíê-
öèÿ îòëè÷àåòñÿ îò èñïîëüçóåìîé â hfd íàëè÷èåì ïîëîâèíêè. Âòîðàÿ ôóíêöèÿ
âû÷èñëÿåò ÌÝ (20) èñïîëüçóÿ ôóíêöèþ p_eff.
Ïðîãðàììû conf, sgc, scrc ôîðìèðóþò äâóõýëåêòðîííûå ðàäèàëüíûå èíòå-

ãðàëû äëÿ âçàèìîäåéñòâèÿ (7) èñïîëüçóÿ îäíîýëåêòðîííûå ÌÝ âåðøèí. Òåïåðü
âî âñå ïðîãðàììû äîáàâëåíà âîçìîæíîñòü âû÷èñëÿòü ÍÌÑ ñ òðåìÿ êëþ÷àìè
klow=0,1,2.

2. Òåñòîâûå ðàñ÷åòû

Â ðàáîòå [1] âû÷èñëåí ìàññîâûé ñäâèã äëÿ 2p1/2 → 2s1/2 ïåðåõîäà â Li-ïîäîáíûõ
èîíàõ è ïðåâåäåíû ôîðìóëû ðàñ÷åòà ìàññîâîãî ñäâèãà íà âîäîðîäîïîäîáíûõ ôóíê-
öèÿõ. Ýòè ôîðìóëû ìîæíî èñïîëüçîâàòü äëÿ ïðîâåðêè ïðîãðàììû hfd, basc è
äð.
Ðåçóëüòàòû ðàñ÷åòà ïî ôîðìóëàì èç ðàáîòû [1] è ìîèìè ïðîãðàììàìè ïðèâåäå-

íû â òàáëèöå 1. Â òàáëèöå îòäåëüíî ïðèâåäåíû âêëàäû ÍÌÑ è ÑÌÑ. Äëÿ êàæäî-
ãî èç íèõ, â ñâîþ î÷åðåäü, âû÷èñëåíû íåðåëÿòèâèñòñêîå ïðèáëèæåíèå è ðåëÿòè-
âèñòñêàÿ ïîïðàâêà. Ïîä ïåðâûì òóò ïîíèìàåòñÿ èñïîëüçîâàíèå íåðåëÿòèâèñòñêîãî
îïåðàòîðà, íî îáåèõ êîìïîíåíò äèðàêîâñêîé ôóíêöèè (11c). Ó ìåíÿ òàêîìó ïðè-
áëèæåíèþ ñîîòâåòñòâóåò êëþ÷ klow=1.
Ïðîãðàììà hfd íå ñ÷èòàåò ÑÌÑ â ñëó÷àå, êîãäà ÷èñëî îñòîâíûõ ýëåêòðîíîâ ðàâ-

íî íóëþ. Ïîýòîìó ðàñ÷åòû ÑÌÑ ïðîâîäèëèñü ñ ïîìîùüþ ïðîãðàìì basc è conf.
ÍÌÑ ðàññ÷èòûâàëñÿ äâóìÿ ñïîñîáàìè. Âèäíî, ÷òî äëÿ hfd ñîãëàñèå íåñêîëüêî
õóæå. Ýòî ìîæåò áûòü ñâÿçàíî ñ òåì, ÷òî îíà âêëþ÷àåò ïîïðàâêó â ñàìîñîãëàñî-
âàíèå. Òåì ñàìûì ïîÿâëÿåòñÿ íåëèíåéíîñòü, êîòîðàÿ ñîñòàâëÿåò äîëè ïðîöåíòà.
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6 Ì.Ã.Êîçëîâ

Òàáëèöà 1. Ðàçëè÷íûå âêëàäû â ìàññîâûé ñäâèã δEms äëÿ H-
ïîäîáíûõ Fe è Se. ÑÌÑ âû÷èñëåí äëÿ òðåõýëåêòðîííûõ ñîñòîÿíèé
1s2

1/22pj.

δEms ×M (au)
ÍÌÑnr ÍÌÑrel ÑÌÑnr ÑÌÑrel

Z = 26
1s1/2 363.7191 −25.7191 [1]

363.4507 −25.4947 hfd

2s1/2 90.1412 −4.8667 [1]
90.1061 −4.8377 hfd

2p1/2 87.9417 −2.6673 −55.1525 3.3232 [1]
87.9414 −2.6671 −55.2474 3.4278 hfd,conf

2p3/2 85.5247 −1.0247 −53.2642 1.1869 [1]
85.5246 −1.0247 −53.2645 1.1960 hfd,conf

Z = 34
1s1/2 656.3589 −78.3589 [1]

655.0629 −77.2530 hfd

656.1461 −78.2838 basc

2s1/2 161.7222 −14.9272 [1]
161.5500 −14.7810 hfd

161.6940 −14.9172 basc

2p1/2 154.8938 −8.0988 −97.2278 9.7182 [1]
154.8916 −8.0969 hfd

154.8934 −8.1004 −97.7150 10.2546 basc,conf

2p3/2 147.5192 −3.0193 −91.7057 3.4708 [1]
147.5191 −3.0193 hfd

147.5193 −3.0193 −91.7069 3.5164 basc,conf


